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1
Introduction to
Balanced
Assessment

A

ssessing the mathematical performance of our students and the
effectiveness of our mathematics instructional programs has
become a major concern of the mathematics education community. In the
US, the National Council of Teachers of Mathematics (NCTM, 1995) has
addressed that concern in its Assessment Standards for School Mathematics,
which provides a set of six standards to guide the development of assessment instruments. This NCTM document makes clear, however, that it is
a guide and not a “how-to” document. Guides are necessary but not sufficient, and teachers need different models of assessment that implement
in concrete ways the principles set down in guidelines.
The tasks in this collection were developed by the Balanced Assessment
in Mathematics Program at the Harvard Graduate School of Education in
the US. The main goal of Balanced Assessment is to design assessments
that can be used in classrooms both in the US and elsewhere—assessments
that reflect the values of the mathematics reform movement as articulated
in both Curriculum and Evaluation Standards for School Mathematics (NCTM
1989) and Curriculum Focal Points (NCTM 2006). The assessments are
intended to provide teachers, students, schools and parents with useful
information about how students and programs are doing with respect to
those standards. The collection is balanced in regard to the mathematical
content covered and the problem-solving skills utilised. The assessments
have been created with a unique design philosophy that gets to the heart
of the question “What is the structure of mathematics?”
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■

WHAT IS MATHEMATICS ABOUT?
THE STRUCTURE OF THE SUBJECT
As in many disciplines, it is possible to identify both content and process
dimensions in the subject of mathematics. Unlike many subjects where most
of the process dimension refers to general reasoning, problem-formulating
and problem-solving skills, the process dimension in mathematics refers to
many skills that are mathematics-specific. As a result, many people tend to
lump content and process together when speaking about mathematics, calling it all mathematics content.
It is important to maintain the distinction between content and process. We say this because we believe that this distinction reflects something very deep about the way humans approach mental activity of all
sorts. All human languages have grammatical structures that distinguish
between noun phrases and verb phrases. They use these structures to
express the distinction between objects and the actions carried out by or
on these objects.
The content-process distinction in mathematics is best described by
the words object and action. What are the mathematical objects we wish
to deal with? What are the mathematical actions that we carry out with
these objects? We will try to answer these questions in a way that makes
clear the continuity of the subject from the early years to post-secondary
mathematics. Since there are really very few discrete categories of mathematical objects and actions, we believe this approach offers a simple and
clear way to view and organise the teaching and learning of mathematics,
consistent with guidelines for both teaching and assessment standards.

■

THE OBJECTS OF MATHEMATICS
The first category of mathematical objects we consider is that of number
and quantity. Indeed, primary-school mathematics is largely about this
group of objects and the actions we carry out with and on them. For this
reason, a preponderance of the tasks in this collection are concerned with
this topic. Some of the maths objects included in number and quantity
are

•
•
•
•
•
•

integers (positive and negative whole numbers and zero);
rationals (fractions, decimals, and all the integers);
measures (length, area, volume, time, weight);
real numbers (p, e, and all the rationals);
complex numbers;
vectors and matrices.

Along with number and quantity, we introduce very early a concern
for another category of mathematical object, namely shape and space.
Maths objects investigated in this domain are

•
•

topological spaces (concepts of connectedness and enclosure);
metric spaces (with such shapes as lines/segments, polygons, circles, conic sections, etc.).
© 2008 Hawker Brownlow Education CO5827
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From the beginning we try to make students aware of patterns in the
worlds of number and shape. In the primary years, patterns and sequences are closely aligned with arrangements. Pattern as a mathematical object
matures into function, which is the central mathematical object of the subjects we call algebra and calculus. We include the following as maths
objects within the category pattern and function:

•
•

functions on real numbers (linear, quadratic, power, rational, periodic, transcendental);
functions on shapes.

There are several other kinds of mathematical objects that have less
prominent roles in the mathematics we expect our younger students to
study. These include objects in the categories chance and data and arrangement.
The category chance and data is concerned with maths objects such as

•
•

relative frequency and probability;
discrete and continuous data.

Some aspects of data collection, organisation and presentation can be
done in the earliest years, but little, if any, data analysis is performed.
Notions of probability are not realistically addressable until the late middle years.
In the earlier years, arrangement tends to blend with the study of patterns of numbers and shapes. Some of the maths objects to be considered
in later primary mathematics are

•
•
•

permutations and combinations;
graphs;
networks, trees and counting schemes.

THE ACTIONS OF MATHEMATICS
As previously mentioned, the process dimension of mathematics has
many actions that are mathematics-specific. It also involves actions that
are properly regarded as general problem-formulating, problem-solving
and reasoning skills—processes that are needed across all aspects of learning and living. We divide these skills into four categories:

•
•
•
•

Modelling/Formulating
Transforming/Manipulating
Inferring/Drawing Conclusions
Communicating

With the exception of communicating, each of these actions has aspects
that are specific to mathematics and aspects that are not specific to mathematics, but that are quite general in nature. Some of these general and
specific aspects are now listed.
Modelling/Formulating
domain-general
observation and evidence gathering
necessary and/but not sufficient conditions
© 2008 Hawker Brownlow Education CO5827
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analogy and contrast
deciding, with awareness, what is important and what can be
ignored
domain-specific
deciding, with awareness, what can be mathematised and then
doing so
formally expressing dependencies, relationships and constraints
Transforming/Manipulating
domain-general
understanding “the rules of the game”
understanding the nature of equivalence and identity
domain-specific
arithmetic computation
symbolic manipulation in algebra and calculus
formal proofs in geometry
Inferring/Drawing Conclusions
domain-general
shifting point of view
testing conjectures
domain-specific
investigation of limiting cases
investigation of symmetry and invariance
investigation of “between-ness”
Communicating
making a clear argument, both orally and in writing, using both
prose and images
It is evident that there is no reasonable way to separate, nor should
there be any interest in separating, the domain-specific and the domaingeneral aspects. We therefore come to the conclusion that it is better to
describe the domain of mathematics as
object (number and quantity, shape and space, pattern and function,
chance and data, arrangement)
and
action (including both domain-specific and domain-general actions)
rather than as
content (usually defined by “topics”—an undifferentiated mixture of
objects and domain-specific actions)
and
process (i.e. domain-general actions), which is the usual procedure in
mathematics education.
In transitioning to the objects × actions lens, it is helpful to begin by
seeing the correspondence between the Balanced Assessment maths
objects and NCTM curriculum content. As shown in the following matrix,
we can use the objects × actions structure to map the tasks and rubrics in
this collection to NCTM’s (2006, pp. 11–17) Curriculum Focal Points:
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NUMBER AND QUANTITY

FERMI FOUR

63

TEACHER’S GUIDE

Year Level: Years 4-6
Description:
This task assesses student ability to make reasonable estimates of quantities with which
they are somewhat familiar and to express these estimates in atypical units.
Mathematics:
Maths Objects
X

Number/Quantity

Shape/Space

Chance/Data

Arrangement

Function/Pattern

Maths Actions (possible weights: 0 to 4)
3

Modelling/Formulating

3

Transforming/Manipulating

1

Drawing Conclusions

1

Communicating

Assumed Mathematical Background:
This task assumes a basic understanding of estimation and also the ability to convert
from one unit of measurement to another.
Core Elements of Performance:

• Make use of information not contained in the statement of the problem.
• Make decisions about the reasonableness of an estimate.
• Convert from one unit of measurement to another and express quantities in
atypical units.
Using This Task:
Read through the prompt with your students to ensure that they understand the task.
The pre-activity for this task is essential, as it is almost always necessary to review the process of converting from one unit of measurement to another and the manipulation of the
units. Students should be encouraged to use any manipulatives or reference materials they
wish; they should also have calculators available. This task lends itself nicely to being done
in pairs or small groups.
Extension:
Students enjoy making up their own Fermi problem once they have had the opportunity to work the provided questions.
Materials Needed:
Calculators.
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64
Name:

Date:

FERMI FOUR
A famous teacher and physicist named Enrico Fermi liked to ask
interesting questions of his students. Think about the questions below,
and give your answers in the appropriate units.
Pre-Activity:

Think about the speed limit on the main street of your town. How would
you express this in centimetres per hour?

Now think about the speed limit on a major highway. How would you
express this in kilometres per minute?

Task:

1.

Your parents tell you that if you are good for 1 million seconds
you will get a special treat. Will you have to be good for almost
12 hours, 12 days or 12 weeks?

2.

If you lay ten-cent coins side-by-side in a straight line so that they
are touching each other, what is the value, in dollars, of a
kilometre-long row of coins?

3.

It takes about ten times as long to drive from Melbourne to Sydney
as it does to fly. What do you think is average speed of an
aeroplane? Express this number in centimetres per minute.
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FERMI FOUR
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SOLUTION AND RUBRIC

Pre-Activity:
The pre-activity is designed to familiarise students with the arithmetic process necessary
to convert from one unit of measurement to another. For the first example, students are
centimetres
most likely to think of a speed in kilometres ; they must multiply this quantity by100,000
1 kilometre
hour
to obtain a quantity measured in centimetres
. For the second problem, the student must divide
hour
kilometres
60 minutes
the chosen quantity in hour by hour to obtain a quantity measured in kilometres
. For
minute
all of these problems it is important to understand that multiplying by a factor such as
100,000 centimetres
does not change a quantity’s value—only the units of expression.
1 kilometre
Task:
1. A million seconds divided by 601 seconds
, then divided by
minute
24 hours
, becomes about 11.6 days.
1 day

60 minutes
,
1 hour

then divided by

2. A ten-cent coin is about 2 centimetres wide, so we can begin with the ratio
1 coin
100,000 coins
100,000 centimetres
, we get 2 kilometres which simplifies to
2 centimetres. Multiplying by
1 kilometre
50,000 coins. A kilometre of ten-cent coins is worth about $5000!
kilometre
3. One could estimate the plane’s speed to be about 1000 kilometres
(ten times a typical
hour
kilometres
centimetres
hour
highway speed of 100 hour ). Multiplying by 100,000
, then by 601 minute
, gives
kilometre
centimetres
a speed of 1,666,666 minute . So, the plane’s speed is about 1.6 million centimetres/
minute.
Partial Competency
Modelling/
Formulating

Identify the conversion information
that is needed.

Design a sequence of
computations for each
problem which yields the
desired result.

Perform correct sequences of
computations for some of the
problems, perhaps making a few
errors of inverting factors (e.g.
multiplying by 10,000 instead of
100,000 when converting centimetres
to kilometres).

Perform accurate
computations with no
inversions of factors.

Indicate an awareness of the
reasonability of the results in some
questions.

Indicate an awareness of
the reasonability of the
results in all questions.

Communicate all answers clearly,
but without indicating units of
measurement.

Clearly communicate all
results, using the required
units.

(weight: 3)
Transforming/
Manipulating
(weight: 3)

Inferring/Drawing
Conclusions
(weight: 1)
Communicating
(weight: 1)

Full Competency
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