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PREFACE

ORGANIZATION OF THE BOOK

Th is resource is intended to help teachers improve student success in learning 
algebra by sharing approaches that will lead to a deeper and richer understanding 
of the subject.

Th e resource is organized by grade level around the Common Core State Stan-
dards for Mathematics (CCSSM) that are related to algebraic thinking. Th e grades 
covered in this resource begin with Kindergarten, where the fi rst relevant standard 
is found in the Operations and Algebraic Th inking domain, and end with Grade 8, 
where the focus is on working with linear equations and functions. For each sec-
tion, a portion of the relevant standard is presented, followed by a delineation of 
important underlying ideas associated with that portion of the standard, as well 
as some Good Questions to Ask to bring those underlying ideas out. 

Th e discussions of underlying ideas include

•• background on the mathematics of the standard,
•• suggestions for appropriate representations of the specifi c mathematical

ideas,
•• suggestions for explaining the ideas to students, and
•• cautions about misconceptions or situations to avoid.

Following each set of underlying ideas is a group of Good Questions to Ask 
that can be used for classroom instruction, student practice, or assessment. Among 
the questions are many open questions, as well as more directed conceptual ques-
tions that might be supplemental to what teachers normally are provided in the 
resources they use. Th e Common Core State Standards for Mathematical Practice 
underlie the content throughout and are explicitly mentioned in a number of 
instances.

For Whom Is Th is Book Useful and Why?

Th is resource is designed to aid math teachers of Kindergarten–Grade 5 in build-
ing a solid foundation for student work in algebra in the middle grades and to aid 
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 Preface

teachers of Grades 6–8 in preparing students for work in algebra in the secondary 
grades. It is also intended to serve as a resource for math coaches in assisting class-
room teachers in their transition to teaching mathematics within the more demand-
ing framework of the Common Core State Standards. I expect this book to be help-
ful as well to preservice teachers as they prepare themselves to understand and 
teach math in a way that will foster a deep level of understanding in their students.

Considering the Bigger Picture

While I would hope that all users would read the entire book, I particularly en-
courage this approach for math coaches and preservice teachers. For grade-level 
or grade-band teachers, I suggest reading the Introduction and the grade-level 
sections that most directly apply for their particular groups of students, but also 
becoming acquainted with the mathematics related to algebra taught in grades 
directly below and above their groups. Because students in any classroom possess 
diff erent levels of knowledge, in order to diff erentiate instruction appropriately, 
teachers must be aware of missing prerequisite knowledge, as well as suitable di-
rections for moving forward. 

Lastly, I hope that using this book helps make algebra make more sense both 
to the readers and to their students.

ACKNOWLEDGMENTS

I have been fortunate to work with excellent editors in preparing this manuscript. 
I wish to thank, too, several reviewers whose comments were very helpful in shap-
ing the manuscript. Most importantly, I have been fortunate to have interacted 
with so many teachers who have responded positively to my approach to mathe-
matics teaching and learning. Th ese educators have continued to encourage me to 
write more. I thank these professionals for their personal support, as well as for 
sharing my work with their colleagues.

 TCP1017 • 9781760011017 • © 2015 Hawker Brownlow Education

© H
aw

ke
r B

ro
wnl

ow
 E

du
ca

tio
n



1

INTRODUCTION

INCREASED FOCUS ON ALGEBRA

Students’ success or lack of success in early algebra can have a signifi cant eff ect on 
their futures (Usiskin, 1995). Algebra is oft en required for graduation from high 
school. It is also seen as a critical course for opening doors for many future careers. 
In fact, one of the tasks of the National Mathematics Advisory Panel to the presi-
dent of the United States was to identify the skills needed for students to learn 
algebra (National Mathematics Advisory Panel, 2008). It is widely accepted that to 
achieve the current U.S. goal of algebra for all, students in elementary and middle 
schools must have better preparatory experiences than has historically been the 
case (Cai & Knuth, 2005).

WHAT IS ALGEBRA?

Although many view algebra as math that you do with letters, the topic of algebra 
is much more complex than that. Th ere is value in looking at how diff erent re-
searchers defi ne algebra to make sense of how algebra manifests itself in the Com-
mon Core State Standards for Mathematics.

For example, Usiskin (1988) described four diff erent notions of what algebra is:

•• A way to generalize and formalize arithmetic: for example, using the alge-
braic equation ab = ba to indicate that any two numbers can be multiplied 
in either order; or a(–b) = –ab as a means to indicate that the product of 
any number and the opposite of another one is the opposite of the prod-
uct of the two numbers; or a

b × c
d = a

bd
c  as a way to indicate the rule for 

multiplying fractions, again no matter what the numerators and denomi-
nators are.

•• A procedure for solving certain kinds of problems (e.g., problems like this 
one: If one amount is 50 more than twice another, and the two amounts 
total 300, what is each amount?).

•• Th e study of relationships among quantities or variables, for example, 
a = 2p as a means of describing the number of arms, a, of p people; or 
P = 2(l + w) as a means of describing the perimeter of a rectangle as 
double the sum of its length and width. Also involved in working with these 
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2 Uncomplicating Algebra to Meet Common Core Standards in Math, K–8

relationships is insight into what they imply. For example, knowing that 
a = 2p tells us that as p increases, so does a. Knowing that P = 2(l + w) 
tells us that the sum of the length and width of a rectangle must be half its 
perimeter.

•• Th e study of structures with certain inherent rules, for example, we factor 
x2 – 9 by using the rules of symbol manipulation.

Some of these approaches to algebra manifest themselves in the CCSSM standards 
for grades K–8, particularly the generalizing of arithmetic concepts and the study 
of relationships among quantities and variables. Usiskin’s (1988) other notions of 
algebra tend to be more signifi cant in the secondary grades.

Generalization is a signifi cant focus even in the early grades. It involves a delib-
erate extension from particular situations and oft en involves justifi cation. For exam-
ple, students generalize when they realize that it is not just that 2 + 3 = 3 + 2 and 
5 + 8 = 8 + 5, but that any two numbers can be added in any order, and understand 
why. Or a student might notice that both 4 × 9 and 2 × 18 are ways to express 36, 
but then generalize to the concept that when we multiply two numbers to achieve a 
particular positive whole number product, if one factor increases, the other decreases. 
Ellis (2007) points out that generalization is complex, oft en involving reasoning and 
communication, and that the ability to generalize grows with more and more op-
portunities to generalize, which oft en occurs when students work with patterns.

Variables are related in the earlier grades not only when students create for-
mulas using some measurements of a shape to determine other measurements but 
also when they consider how various groups of numbers relate, for example, how 
the multiples of 5 relate to the multiples of 10.

Th e National Council of Teachers of Mathematics (NCTM, 2000) lists four 
somewhat diff erent organizing themes for algebra: (1) understanding patterns, 
relations, and functions; (2) representing and analyzing mathematical situations 
and structures; (3) using mathematical models to represent and understand quan-
titative relationships; and (4) analyzing change in various contexts. Th ese themes 
relate to and overlap Usiskin’s (1988) notions and manifest themselves clearly in 
the CCSSM. Work on pattern in Grades 3–5 leads to generalization, a hallmark of 
algebra. Using equations to describe both numerical and measurement situations 
even as early as Grade 1 eventually leads to an examination of how variables are 
related. Consideration of mathematical models and quantitative relationships 
occurs at almost all grade levels, with signifi cant attention to the meaning of equa-
tions. Analyzing change becomes more prominent in the middle grades, where 
students explore changes in variables, oft en using tables of values and graphs.

Because the various aspects of algebra touch on so many areas, standards that 
require algebraic thinking are found in many strands of the CCSSM, including 
Number and Measurement.
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Introduction 3

GENERAL REASONS STUDENTS STRUGGLE WITH ALGEBRA

Historically, the separation of arithmetic and algebra in instructional resources 
and in teacher instruction for Grades K–8 might have unintentionally interfered 
with student success in algebra. Students did not really look at algebra as a way to 
generalize the concepts they dealt with in arithmetic, yet that is an important 
aspect of algebra, as discussed above. It is telling that the CCSSM, which have been 
formalized fairly recently, use the subdomain of Operations and Algebraic Th ink-
ing within the Number strand in Grades K–5, in recognition of the value of help-
ing teachers and students see the interconnection between number and algebra.

Kieran (2004) suggests that there are critical features that must be included 
in the integration of arithmetic and algebra to lead to student success in algebra. 
Th ese include

•• A focus on looking at relationships between values and not just on calcu-
lating answers,

•• A focus on the inverse relationships between addition and subtraction, 
and multiplication and division, to support equation solving,

•• A focus on representing problems and not just on solving them
•• A focus on the use of variables along with numbers from an early grade, 

and
•• More attention to the meaning of the equal sign as a description of a rela-

tionship or equivalence than as an instruction for getting an answer.

Students who do not develop these focuses will likely struggle more in alge-
braic situations than those who do. Th ese concepts are all addressed in the CCSSM 
to build the likelihood of developing success. Th ey are also specifi cally addressed 
in this resource in a number of the suggestions and questions provided.

Th ere are many other issues, too, that interfere with success when students are 
coming to grips with algebraic situations. Some of these issues are rooted in the 
nature of algebra, whereas others result from missing prerequisite knowledge.

Algebra is abstract from the point of view that it is about generalizations and 
not specifi cs. Knowing that 3 × 4 = 12, and so does 6 × 2, is specifi c. Realizing that, 
when any two numbers are multiplied, the fi rst can be doubled and the second 
halved without changing the product is a generalization. Many teachers focus on 
specifi cs, and many students do not get past this stage. Th e CCSSM suggest that 
teachers encourage generalization.

Students who approach problems in an unsystematic way will have more dif-
fi culty than students who are systematic in arriving at a generalization. Students 
who are scattered in their thinking simply do not recognize the patterns from 
which they might generalize. Teachers need to help students see the value of orga-
nization in detecting relationships.
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4 Uncomplicating Algebra to Meet Common Core Standards in Math, K–8

Algebra requires more abstract thinking than does much work with numbers. 
To effi  ciently fi gure out how to graph, for example, y = 3x – 2 requires an under-
standing of the role of the coeffi  cient of x and the constant in a linear equation. To 
go from tables of values to appropriate equations requires an ability to observe 
patterns, make sense of them, and then generalize. Th is type of abstract thinking 
requires careful development on the part of a teacher; it is not automatic for many 
students.

Another important prerequisite to success in algebra is a thorough under-
standing of addition, subtraction, multiplication, and division. To use an equation 
to model a problem such as “If I have 20 times as many stamps as Rachel, and I 
have 420 stamps, how many does Rachel have?” the student requires a deep under-
standing of what multiplication (or division) means, when it applies, and how to 
translate between natural language and algebra. In this case, a student without that 
knowledge might easily just multiply 20 × 420, seeing both of those numbers and 
the phrase “times as many” in the question, rather than realizing that the equation 
is actually 20r = 420, which makes the question essentially a division problem. 
Teachers must ensure that students meet and model problems involving all sorts of 
meanings of operations and experience many opportunities to translate between 
natural language and algebra.

Algebraic reasoning oft en requires deduction, that is, considering how know-
ing one piece of information leads to another. Students without practice in this 
habit of mind struggle in algebra. For example, students have to understand why, 
if they know that x + y = 20, they also implicitly know that 2x + 2y = 40, why x 
must be an integer if y is, and why, if y is a negative integer, then x must be a posi-
tive integer. Teachers can facilitate this habit of mind by regularly asking questions 
that require students to deduce.

Even relatively early work in algebra also requires some reasonable level of 
comfort with proportional reasoning. Th inking of 3x as 3 of the unit x, or of 3x + 2 
as just about the same as 3x for large values of x, are examples of thinking pro-
portionally. Th is ability is fundamental to making sense of even simple alge-
braic expressions. The literature indicates that many students lack even basic 
proportional reasoning (Dole, 2010). Development of proportional reasoning 
is aided by careful teacher attention to it while teaching number, algebra, and 
measurement.

Yet another reason for diffi  culties in algebra is students’ lack of understanding 
of the meaning of an equal sign, a critical part of algebraic thinking and a point 
very specifi cally addressed in the CCSSM. Many students think of the equal sign 
as a signal to perform some calculation, rather than seeing it as a way to describe 
two equivalent expressions or a balance. So, those students, when confronted with 
the equation 400 ÷ 2 = □ × 5, will assume that □ = 200, the answer to 400 ÷ 2, 
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Introduction 5

rather than 40, the value that would make the two sides of the equation equal. As 
well, those students are totally confused by an equation like 3x + 2 = 2x + 6, since 
they are looking for an answer (i.e., a number) on the right-hand side (Carpenter, 
Franke, & Levi, 2003; Knuth, Stephens, McNeil, & Alibali, 2006).

Students might also be confused when variables are used in diff erent ways. For 
example, when a student sees 3 + k = 8, she or he is usually expected to determine 
the single unknown value that makes the equation true. However, this is not the 
case when the student sees any of the following:

•• Th e expression 3 + x, which describes an infi nite set of numbers;
•• Th e function f(x) = x + 3, which also describes an infi nite set of inputs/

outputs; or
•• Th e equation 3 + x = (5 – x) + (2x – 2), which is true for any value of x, 

not just one, since this is a statement of equivalence.

Teachers need to point out these diff erent uses of a variable.
Hallagan (2006) points out that variables make some students so uncom-

fortable they oft en do not know how to handle them when they are included in 
an answer to a question, for example, a question such as “Describe an algebraic 
expression which means three more than a number.” Th ey believe answers should 
be numbers. Perhaps this is why Booth (1998) indicated that students are less 
comfortable with algebraic expressions than with equations; with an equation, 
there is at least something to do. Th is phenomenon means that a teacher needs 
to spend extra time on expressions, making the meaning of expressions clear 
to students. Many suggestions for focusing on expressions are provided in this 
resource.

Additional obstacles to success in algebra are related to missing or faulty pre-
requisite knowledge in students. Oft en this missing knowledge is a solid number 
sense and/or comfort with operations involving particular types of numbers. For 
example, solving the equation 3

4 x = 5
8 requires competence with multiplication 

and/or division of fractions. Adding 3n to (–4n) requires competence with addi-
tion of integers. Solving 3x – 2 = 4(x + 3) requires competence with order of oper-
ations. Recognizing the diff erence between 2 – 3x and 3x – 2, or between 4(2x – 3) 
and 8x – 3, requires an understanding of properties of numbers. Teachers need to 
be realistic when selecting the algebraic situations they use with students in terms 
of the prerequisite knowledge possessed by the students.

At the middle school level, another problem for students in understanding 
algebra could be lack of comfort with graphing, an important aspect of an algebra 
program once students begin to explore relationships between two variables. Teach-
ers must provide students with experience in analyzing graphs and not just in cre-
ating them.
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